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Abstract
In this paper, we give the equivalent definitions of topological pressure for flows by using spanning
sets, weakly spanning sets, strongly separated sets and tracing sets, respectively. We get an inequal-
ity between the topological pressures of Lipschitz conjugate flows, and prove that the topological
pressure of expansive flows with tracing property can be described by its periodic orbits.
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1. Introduction
Let (X,d) be a compact metric space and ϕ :X × R → X a continuous flow. Let ϕt
denote the homeomorphism of X, defined by ϕt (x) = ϕ(x, t), and let C(X,R) denote the
Banach algebra of real-valued continuous functions on X equipped with the supremum
norm.
For f ∈ C(X,R), E ⊂ X and t > 1, put
St (E) =
∑
x∈E
exp
t∫
0
f
(
ϕs(x)
)
ds.
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in [1]. A set E ⊂ X is a (t, ε)-separated set of X. For x, y ∈ E,x = y, we have
d
(
ϕs(x),ϕs(y)
)
> ε, for some s ∈ [0, t].
Then we define
P(ϕ,f, ε, t) = sup{St (E): E is a (t, ε)-separated set of X},
P (ϕ,f, ε) = lim
t→∞ sup
1
t
logP(ϕ,f, ε, t),
and
P(ϕ,f ) = lim
ε→0P(ϕ,f, ε).
Let the map P(ϕ1, ·) :C(X,R) → R∪{∞} denote the topological pressure of the home-
omorphism ϕ1, and f1(x) =
∫ 1
0 f (ϕt (x)) dt , then we know from [1] that
P(ϕ,f ) = P(ϕ1, f1). (1.1)
This shows that P(ϕ,f ) exits but could be ∞.
The map P(ϕ, ·) :C(X,R) → R ∪ {∞} defined above is called the topological pressure
of ϕ. For f = 0, the number P(ϕ,f ) is just the topological entropy h(ϕ) of ϕ.
In [3,4], R. Thomas studies the definition and invariant under conjugacy of topological
entropy for any flow without fixed points, and shows that if ϕ is an expansive flow with
tracing property, then
h(ϕ) = lim
t→∞
1
t
logγ (t) (1.2)
(where γ (t) is the number of ϕ-periodic orbits with period  t).
This paper is a further attempt to approach some problems of topological pressure for
any flow without fixed points. In Section 2, we shall give some equivalent definitions of
topological pressure. In Section 3, we shall obtain an inequality between the topological
pressures of Lipschitz conjugate flows. In Section 4, we shall generalize (1.2) to topological
pressure.
In this paper, we assume that the flow ϕ has no fixed points.
2. Equivalent definitions of topological pressure
Let I be any interval of real numbers containing the origin. A reparametrization of I is
an orientation-preserving homeomorphism from I onto its image fixing the origin. Put
Rep(I ) = {σ : I → R is a reparametrization of I }
and
Rep(ε, I ) =
{
σ ∈ Rep(I ):
∣∣∣∣σ(s)− σ(t)s − t − 1
∣∣∣∣< ε, ∀s, t ∈ I, s = t
}
.
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x, y ∈ E,x = y, and α,β ∈ Rep(ε, [0, t]) ⇒
d
(
ϕα(s)(x),ϕs(y)
)
> ε or d
(
ϕs(x),ϕβ(s)(y)
)
> ε for some s ∈ [0, t].
(2) For E,F ⊂ X and ε > 0, E is called a (t, ε)-spanning set of F , if for every x ∈ F ,
there is y ∈ E such that
d
(
ϕs(y),ϕs(x)
)
 ε, ∀s ∈ [0, t].
(3) For E,F ⊂ X and ε > 0, E is called a (t, ε)-weakly spanning set of F , if for every
x ∈ F , there are y ∈ E and α ∈ Rep(ε, [0, t]) such that
d
(
ϕα(s)(x),ϕs(y)
)
 ε, ∀s ∈ [0, t].
(4) For E ⊂ X and ε > 0, E is called a (t, ε)-tracing set, if for every x ∈ X, there are
y ∈ E and α ∈ Rep(ε, [0, t]) such that
d
(
ϕs(x),ϕα(s)(y)
)
 ε, ∀s ∈ [0, t].
For any f ∈ C(X,R), t > 0 and ε > 0, we put
Q(ϕ,f, ε, t) = inf{St (E): E is a (t, ε)-spanning set of X},
Ps(ϕ,f, ε, t) = sup
{
St (E): E is a (t, ε)-strongly separated set of X
}
,
Qw(ϕ,f, ε, t) = inf
{
St (E): E is a (t, ε)-weakly spanning set of X
}
,
and
T (ϕ,f, ε, t) = inf{St (E): E is a (t, ε)-tracing set of X}.
Put
R(ϕ,f, ε) = lim
t→∞ sup
1
t
logR(ϕ,f, ε, t)
and
R(ϕ,f ) = lim
ε→0R(ϕ,f, ε),
where R(·) = Q(·),Ps(·),Qw(·) or T (·).
In this section, we shall prove the following result.
Theorem A. P(ϕ,f ) = Q(ϕ,f ) = Ps(ϕ,f ) = Qw(ϕ,f ) = T (ϕ,f ).
To prove Theorem A, we shall use the following simple results.
Lemma 2.2. For any f ∈ C(X,R) and c ∈ R, we have
R(ϕ,f + c) = R(ϕ,f )+ c.
Lemma 2.3. For any λ > 0, there exists ε > 0 such that for any α ∈ Rep(ε, [0, t]) we have∣∣α(s)− s∣∣< sλ, ∀s ∈ [0, t].
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that |g(x)− g(y)|M|x − y| (∀x, y ∈ X), and f is an integrable function on [c, d], then
f (g(t))g′(t) is an integrable function on [a, b] and
β∫
α
f (x) dx =
g−1(β)∫
g−1(α)
f
(
g(t)
)
g′(t) dt, ∀α,β ∈ g([a, b]).
Proof of Theorem A. (1) The proof of the equality P(ϕ,f ) = Q(ϕ,f ) is similar to that
[6, Theorem 9.1], so we omit it.
(2) The proof of the equality Ps(ϕ,f ) = Qw(ϕ,f ) follows from the fact that a (t, ε)-
strongly separated set of X with the largest cardinality is a (t, ε)-weakly spanning set of X
that Qw(ϕ,f ) Ps(ϕ,f ).
For 0 < λ< 1, take ε > 0 satisfying Lemma 2.3 and for any x, y ∈ X, if d(x, y) < ε we
have |f (x)−f (y)| < λ. Let E be a ((1−λ)t, ε)-strongly separated set of X with the largest
cardinality, and F be a (t, ε/2)-weakly spanning set of X. Define the map ξ :E → F by
choosing some point ξ(x) ∈ F for each x ∈ E and some α ∈ Rep(ε/2, [0, t]) such that
d
(
ϕα(s)(x),ϕs
(
ξ(x)
))
 ε
2
, ∀s ∈ [0, t].
It is clear that ξ is an injective map. Let u = α(s), then it follows from Lemma 2.3 that
d
(
ϕu(x),ϕα−1(u)
(
ξ(x)
))
 ε
2
, ∀u ∈ [0, (1 − λ)t].
By Lemma 2.2 and f ∈ C(X,R), we can assume that 0 f (x)M (∀x ∈ X). Therefore
S1−λ(E) =
∑
x∈E
exp
{ (1−λ)t∫
0
[
f
(
ϕs(x)
)− f (ϕα−1(s)(ξ(x)))]ds
+
(1−λ)t∫
0
f
(
ϕα−1(s)
(
ξ(x)
))
ds
}
 exp
[
λ(1 − λ)t]∑
y∈F
exp
t∫
0
f
(
ϕu(y)
)
α′(u) du
 exp
[
λ(1 − λ)t]∑
y∈F
exp
[
(1 + ε)
t∫
0
f
(
ϕu(y)
)
du
]
 St (F ) exp
[
(λ− λ2 +Mε)t].
Hence
Ps
(
ϕ,f, ε, (1 − λ)t)Qw
(
ϕ,f,
ε
, t
)
exp
[
(λ− λ2 +Mε)t],2
Z.-h. Lu / J. Math. Anal. Appl. 311 (2005) 703–714 707and so
(1 − λ)Ps(ϕ,f, ε) (λ− λ2 +Mε)+Qw
(
ϕ,f,
ε
2
)
.
Letting ε go to zero, we give
(1 − λ)Ps(ϕ,f ) λ− λ2 +Qw(ϕ,f ).
As λ → 0, we get that
Ps(ϕ,f )Qw(ϕ,f ).
(3) The proof of the equality Qw(ϕ,f ) = T (ϕ,f ).
For 0 < λ < 1, take ε > 0 satisfying Lemma 2.3. For any 0 < δ < ε, suppose that E
is a (t, δ)-weakly spanning set of X, and thus for every x ∈ X there exists y ∈ E and
α ∈ Rep(δ, [0, t]) such that
d
(
ϕα(s)(x),ϕs(y)
)
 δ, ∀s ∈ [0, t].
Put u = α(s), we have
d
(
ϕu(x),ϕα−1(u)(y)
)
 δ, ∀u ∈ [0, (1 − λ)t].
It is clear that α−1 ∈ Rep(2δ, [0, (1 − λ)t]). This shows that E is a ((1 − λ)t,2δ)-tracing
set of X. Hence
T
(
ϕ,f,2δ, (1 − λ)t)Qw(ϕ,f, δ, t),
and so
(1 − λ)T (ϕ,f,2δ)Qw(ϕ,f, δ).
Let δ → 0, then λ → 0, we have
T (ϕ,f )Qw(ϕ,f ).
Moreover, if E is a (t, δ)-tracing set of X, then E is a ((1 − λ)t,2δ)-weakly spanning set
of X. It follows that
Qw
(
ϕ,f,2δ, (1 − λ)t) T (ϕ,f, δ, t).
Hence
Qw(ϕ,f ) T (ϕ,f ).
(4) The proof of the equality Q(ϕ,f ) = T (ϕ,f ).
For 0 < λ < 1, take 0 < ε < λ satisfying Lemma 2.3. Take 0 < δ < ε/3 such that for
any x, y ∈ X, if d(x, y) < δ, then |f (x)− f (y)| < ε.
For any τ > 0 and t > τ , suppose E is a (t, δ)-tracing set of X with the smallest
cardinality. According to the proof of [4, Proposition 14], we get that there exists a (t, ε)-
spanning set G of X such that for every x ∈ E there exists at most 3 · 3t/τ points in G
which can be (t, δ)-traced by x. Suppose gx ∈ G can be (t, δ)-traced by x, i.e. for some
α ∈ Rep(δ, [0, t]),
d
(
ϕs(gx),ϕα(s)(x)
)
 δ, ∀s ∈ [0, t].
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Lemma 2.4 that
St (G) =
∑
gx∈G
exp
{ t∫
0
[
f
(
ϕs(gx)
)− f (ϕα(s)(x))]ds +
t∫
0
f
(
ϕα(s)(x)
)
ds
}
 3 · 3t/τ
(∑
x∈E
exp
t∫
0
f
(
ϕα(s)(x)
)
ds
)
exp(εt)
 3 · 3t/τ
(∑
x∈E
exp
(1−λ)t∫
0
f
(
ϕu(x)
)(
α−1(u)
)′
du
)
exp(εt + 2λtM)
 3 · 3t/τ
(∑
x∈E
exp
[
(1 + 2δ)
(1−λ)t∫
0
f
(
ϕu(x)
)
du
])
exp
(
(ε + 2λM)t)
 3 · 3t/τ S(1−λ)t (E) exp
[
(ε + 2λM)t + 2δM(1 − λ)t].
Hence
Q(ϕ,f, ε, t) 3 · 3t/τ T (ϕ,f, δ, (1 − λ)t) exp[(ε + 2λM)t + 2δM(1 − λ)t],
and so
Q(ϕ,f, ε) ε + 2λM + 2(1 − λ)Mδ + 1
τ
log 3 + (1 − λ)T (ϕ,f, δ).
Let ε → 0, we have
Q(ϕ,f ) 2λM + 1
τ
log 3 + (1 − λ)T (ϕ,f ).
Let τ → ∞, and then λ → 0, we have
Q(ϕ,f ) T (ϕ,f ).
It follows from definitions of Q(ϕ,f ) and T (ϕ,f ) that
T (ϕ,f )Q(ϕ,f ). 
Remark 2.5. (1) In fact, Theorem A gives also the equivalent definitions of topological
entropy for continuous flows.
(2) The topological pressure of continuous flows has the properties similar to those of
continuous maps in [6, Section 9.2].
3. Topological pressure of Lipschitz conjugate flows
Definition 3.1 [7]. The two flows ϕ on X and ψ on Y are said to be Lipschitz conjugate to
each other if there are a homeomorphism h :X → Y and a continuous map σ :X×R → R
such that for some M m> 0,
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(2) h ◦ ϕt (x) = ψσx(t) ◦ h(x) (where σx(·) = σ(x, ·)).
Remark 3.2 [5]. If σ is a continuous map as above, then σx :R → R is uniquely an in-
creasing homeomorphism of R.
Lemma 3.3. Let α ∈ Rep(ε, [0, t]). If σ i :R → R (i = 1,2) is an increasing homeomor-
phism of R such that for some M m> 0,
σ i(0) = 0, m σ
i(t)− σ i(s)
t − s M, ∀s, t ∈ R, s = t.
Then σ = σ 1 ◦ α ◦ (σ 2)−1 ∈ Rep((M/m)ε, [0,mt]).
Proof. It follows from [7, Lemma 2.10]. 
Lemma 3.4. For any f ∈ C(X,R) and c ∈ R, we have:
(1) if c 1, then P(ϕ, cf ) cP (ϕ,f );
(2) if c 1, then P(ϕ, cf ) cP (ϕ,f ).
Proof. These are the straightforward results of the definition of topological pressure. 
Theorem B. Suppose that the flows ϕ on X and ψ on Y are Lipschitz conjugate with
respect to h :X → Y . Then for any f ∈ C(X,R),
mP(ψ,f ◦ h−1) P(ϕ,Mf )MP
(
ψ,
M
m
f ◦ h−1
)
(3.1)
(where m and M are as in Definition 3.1).
Moreover, there exists M1  1m1 > 0 such that
m1P(ψ,f ◦ h−1) P(ϕ,f )M1P(ψ,f ◦ h−1). (3.2)
Proof. Let d1 be the metric on Y . For any ε > 0, choose 0 < δ < ε satisfying
d1(h(x),h(y)) ε provided that x, y ∈ X and d(x, y) < δ.
If E is a (t, δ)-weakly spanning set of X with the smallest cardinality, then h(E) ⊂ Y is
a (mt, (M/m)ε)-weakly spanning set for ψ . In fact, for any y ∈ Y there exists some x ∈ X
with h(x) = y. Hence for some z ∈ E and α ∈ Rep(δ, [0, t]), we have
d
(
ϕα(s), ϕs(z)
)
 δ, ∀s ∈ [0, t],
and so
d1
(
ψσx(α(s)) ◦ h(x),ψσz(s) ◦ h(x)
)= d1(h ◦ ϕα(s)(x), h ◦ ϕs(z)) ε, ∀s ∈ [0, t].
Put β(u) = σx ◦ α ◦ σ−1z (u). Then by Lemma 3.3 we get
d1
(
ψβ(u)(y),ψu ◦ h(z)
)
 ε  Mε, ∀u ∈ [0,mt].m
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It follows that
∑
y∈h(E)
exp
mt∫
0
f ◦ h−1(ψs(y))ds = ∑
x∈E
exp
mt∫
0
f
(
ϕ
σ−1x (s)(x)
)
ds

∑
x∈E
exp
t∫
0
f
(
ϕu(x)
)(
σx(u)
)′
du

∑
x∈E
exp
t∫
0
Mf
(
ϕu(x)
)
du.
Therefore,
Qw
(
ψ,f ◦ h−1, M
m
ε,mt
)
Qw(ϕ,Mf, δ, t),
and so
mQw
(
ψ,f ◦ h−1, M
m
ε
)
Qw(ϕ,Mf, δ).
Taking ε → 0, we have
mQw(ψ,f ◦ h−1)Qw(ϕ,Mf ).
By Theorem A, we get
mP(ψ,f ◦ h−1) P(ϕ,Mf ).
Using the same as the above proof, we can obtain
P(ϕ,f )MP
(
ψ,
1
m
f ◦ h−1
)
.
This completes the proof for (3.1).
Without loss of generality, we can assume M  1, and m  1. It follows from
Lemma 3.4 and (3.1) that
m
M
P(ψ,f ◦ h−1)mP
(
ψ,
1
M
f ◦ h−1
)
(by Lemma 3.4)
 P
(
ϕ,M · 1
M
f
)
(by (3.1))
MP
(
ψ,
M
m
· 1
M
f ◦ h−1
)
(by (3.1))
 M
m
P(ψ,f ◦ h−1) (by Lemma 3.4).
Thus, M1 = M/m and m1 = m/M satisfy (3.2). 
From Theorem B we easily obtain the following results.
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have:
(1) If σ :X × R → R in Definition 3.1 satisfies σ(x, t) = t (∀x ∈ X, t ∈ R), then for any
f ∈ C(X,R),
P(ψ,f ◦ h−1) = P(ϕ,f ).
(2) P(ϕ,f ) = 0 (or ∞) iff P(ψ,f ◦ h−1) = 0 (or ∞).
(3) mh(ψ) h(ϕ)Mh(ψ), and so h(ϕ) = 0 (or ∞) iff h(ψ) = 0 (or ∞).
4. Topological pressure of expansive flows with tracing property
In this section we assume that ϕ is an expansive flow with tracing property. (Definitions
can be found in [2,7]).
Let PO denote the set of periodic orbits of ϕ and PO(t) (respectively POε(t)) the set of
periodic orbits of ϕ with a period τ ∈ [0, t] (respectively τ ∈ [t − ε, t + ε]).
For f ∈ C(X,R), γ ∈ PO and t > 0, we take a point xγ,t ∈ γ such that
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds = sup
{
exp
t∫
0
f
(
ϕs(x)
)
ds: x ∈ γ
}
.
We shall prove the following theorem.
Theorem C. For any f ∈ C(X,R), we have
P(ϕ,f ) = lim
t→∞
1
t
log
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds.
Lemma 4.1 [7]. If ψ is a continuous flow on X without fixed points, then ψ has strongly
tracing property iff ψ has tracing property.
Lemma 4.2. For any λ > 0, there exists ε > 0 and Bλ > 0 such that for every τ > 0 and
x ∈ Ω(ϕ), there exists γ ∈ PO((1 + λ)τ +Bλ), a point yx ∈ γ and α ∈ Rep(ε, [0, τ ]) such
that
d
(
ϕα(s)(yx), ϕs(x)
)
 ε, ∀s ∈ [0, τ ].
Proof. Use the conclusion of Lemma 4.1 and the argument similar to the proof in
[3, Lemma 4.3]. 
Lemma 4.3. For any f ∈ C(X,R), we have
P(ϕ,f ) = P(ϕ|Ω(ϕ), f |Ω(ϕ)).
712 Z.-h. Lu / J. Math. Anal. Appl. 311 (2005) 703–714Proof. According to (1.1) and [6, Corollary 9.10.1], we have
P(ϕ,f ) = P(ϕ1, f1) = P(ϕ1|Ω(ϕ1), f1|Ω(ϕ1)) = P(ϕ|Ω(ϕ), f |Ω(ϕ)). 
Proof of Theorem C. We shall divide the proof into two steps.
Step 1. P(ϕ,f ) lim
t→∞ inf
1
t
log
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds.
For 0 < λ < 1, let β > 0 be an expansive constant with respect to λ. Take 0 < δ <
min{β/3, λ} such that δ/2 satisfies Lemmas 2.3, 4.2 and for x, y ∈ X, if d(x, y) < δ then
|f (x)− f (y)| < λ.
Let E ⊂ Ω(ϕ) be a (t, β)-strongly separated set of Ω(ϕ). Put z = (1 + λ)t/(1 − λ).
Thus by Lemma 4.2 for every x ∈ E, there exists yx ∈ γ ∈ PO(t¯ ) (where t¯ = (1 + λ)τ +
Bλ) and α ∈ Rep(δ/2, [0, τ ]) such that
d
(
ϕα(s)(yx), ϕs(x)
)
 δ
2
, ∀s ∈ [0, τ ].
According to Lemma 2.2, we can assume 0 f (x) M . Using the same proof as in [3,
Proposition 6], we can show that there exists 0 < η < β such that if x1 = x2 ∈ E, then
yx1 /∈ ϕ[−3η,3η](yx2). This implies that there exists at most [t¯/(2η)] points say x1, . . . , xk
in E (where k = [t¯/(2η)]) such that yx1, . . . , yxk belong to a periodic orbit γ ∈ PO(t¯ ).
Hence,
∑
x∈E
exp
t∫
0
f
(
ϕs(x)
)
ds
=
∑
x∈E
exp
{ t∫
0
[
f
(
ϕs(x)
)− f (ϕα(s)(yx))]ds +
t∫
0
f
(
ϕα(s)(yx)
)
ds
}

(
exp
[
λt + 2λM(1 + δ)t])∑
x∈E
exp
(1−λ)t∫
0
f
(
ϕs(yx)
)(
α−1(s)
)′
ds

(
exp
[
λt + 2λM(1 + δ)t +Mδ(1 − λ)t])∑
x∈E
exp
(1−λ)t∫
0
f
(
ϕs(yx)
)
ds

(
exp
[
λt + 2λM(1 + δ)t +Mδ(1 − λ)t]) t¯
2η
∑
γ∈PO(t¯ )
exp
t¯∫
0
f
(
ϕs(xγ,t¯ )
)
ds.
Therefore,
Ps(ϕ|Ω(ϕ), f |Ω(ϕ), β)K + (1 + λ)
2
1 − λ limt→∞ inf
1
t
log
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds
(where K = λ+ 2λM(1 + δ)+Mδ(1 − λ)).
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Ps(ϕ|Ω(ϕ), f |Ω(ϕ)) lim
t→∞ inf
1
t
log
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds.
By Theorem A and Lemma 4.3, we have
P(ϕ,f ) lim
t→∞ inf
1
t
log
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds.
Step 2. lim
t→∞ sup
1
t
log
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds  P(ϕ,f ).
For any f ∈ C(X,R) and ε > 0, it follows from the continuity of f , the expansiveness
of ϕ and the proof of [2, Theorem 5] that there exists α > 0 such that
(a) if x, y ∈ X,d(x, y) < α, then |f (x)− f (y)| < ε;
(b) for any t > 0 and γ1, γ2 ∈ POα/2(t), if x1 ∈ γ1, x2 ∈ γ2 and
d
(
ϕs(x1), ϕs(x2)
)
 α, ∀s ∈ [0, t],
then γ1 = γ2.
Condition (b) implies that if γ1 = γ2, then for any x1 ∈ γ1, x2 ∈ γ2, x1 and x2 are (t, α)-
separated.
For any t > 0, set t = nα + t0 (0 t0  α), we have
PO(t) ⊂
(
n⋃
i=1
POα/2(iα)
)
∪ POα/2(t).
Let Ei = {xi = xγ,t : γ ∈ POα/2(iα)} (i = 1, . . . , n), E0 = {x0 = xγ,t : γ ∈ POα/2(t)}. It is
clear that Ei (i = 0, . . . , n) is a (t, α)-separated set.
Suppose F is a (t, α/2)-separated set of X with the largest cardinality. For every
xi ∈ Ei , there is gi(xi) ∈ F such that
d
(
ϕs(xi), ϕs
(
gi(xi)
))
 α
2
, ∀s ∈ [0, t].
It is clear that if xi, x′i ∈ Ei, xi = x′i , then gi(xi) = gi(x′i ).
Put Fi = {gi(xi): xi ∈ Ei}. Hence
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds

n∑
i=0
∑
x ∈E
exp
t∫
f
(
ϕs(xi)
)
dsi i 0
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n∑
i=0
∑
xi∈Ei
exp
{ t∫
0
[
f
(
ϕs(xi)
)− f (ϕs(gi(xi)))]ds +
t∫
0
f
(
ϕs
(
gi(xi)
))
ds
}
 (exp εt)
n∑
i=0
St (Fi)
 (exp εt)
n∑
i=0
st (F )
 (exp εt)
(
t
α
+ 1
)
st (F ).
Therefore,
lim
t→∞ sup
1
t
log
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds  ε + P
(
ϕ,f,
α
2
)
.
Taking α → 0, and then ε → 0, we get
lim
t→∞ sup
1
t
log
∑
γ∈PO(t)
exp
t∫
0
f
(
ϕs(xγ,t )
)
ds  P(ϕ,f ). 
Corollary 4.4 [3, Theorem C].
h(ϕ) = lim
t→∞
1
t
logγ (t).
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